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M-THEORY FROM ITS SUPERALGEBRA
Carge`se Lectures 1997
P.K. TOWNSEND
DAMTP, UNIVERSITY OF CAMBRIDGE
SILVER ST., CAMBRIDGE CB3 9EW, U.K.
Abstract. These lectures explore what can be learnt about M-theory from
its superalgebra. The first three lectures introduce the ‘basic’ branes of M-
theory, and Type II superstring theories, and show how the duality relations
between them are encoded in the respective spacetime superalgebras. The
fourth lecture introduces brane intersections and explains how they are
encoded in the worldvolume superalgebras.
1. Lecture 1: M-branes and supersymmetry
About twenty years ago, it was pointed out that D=11 is the maximum
dimension in which one can expect to find an interacting supersymmetric
field theory [1]. Its existence, and uniqueness subject to standard assump-
tions, was established with the construction of D=11 supergravity [2]. The
linearized theory can be deduced from an analysis of the standard D=11
super-Poincare´ algebra and it will prove worthwhile to first present a vari-
ant of this analysis. Since the commutators involving Lorentz generators are
determined by the Lorentz indices it is convenient to concentrate on the
subalgebra of supertranslations spanned by the 11-momentum PM and the
32-component Majorana spinor charge Qα. Translation invariance implies
that P and Q commute, leaving the anticommutator
{Qα, Qβ} = (CΓM )αβPM (1)
as the only non-trivial relation, where ΓM are the Dirac matrices and C is
the (real, antisymmetric) charge conjugation matrix. There are actually two
inequivalent representations of the Dirac matrices. They differ according to
whether the product of all 11 of them is 1 or −1. The choice is arbitrary
and we shall suppose that
Γ0Γ1 · · ·Γ9Γ♮ = 1 . (2)
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The symbol ♮ is used here to denote the number 10. It is convenient to have
a single symbol for this number because we shall be using a convention
in which Γ10 will mean the product Γ1Γ0. More generally, the antisym-
metrized product of n Dirac matrices will be written as ΓM1...Mn . Thus (2)
is equivalent to Γ♮ = Γ0···9 (also known as Γ11 in the context of D=10 IIA
supergravity).
Let us suppose that there exists some quantum theory that realizes the
algebra (1) as an asymptotic symmetry, e.g. of the S-matrix. The asymp-
totic metric is assumed to be the D=11 Minkowski metric and the vacuum
is assumed to be annihilated by all supersymmetry charges. Consider a
state preserving some non-zero fraction ν of the supersymmetry of the vac-
uum. This state will be annihilated by some combination of supersymmetry
charges and the expectation value of {Q,Q} will be a real symmetric pos-
itive semi-definite matrix with 32 × ν zero eigenvalues. In particular, its
determinant will vanish. From (1) we see that this will happen when
0 = det Γ · P = (P 2)16 . (3)
Thus, given the algebra (1), we deduce that the only states preserving a
non-zero fraction of the supersymmetry, apart from the vacuum, are those
for which the 11-momentum is null. To determine the fraction ν we note
that if P is null we can choose a frame in which (the metric convention is
‘mostly plus’ and P 0 is the energy)
PM =
1
2
(−1;±1, 0, . . . , 0) . (4)
We may also choose the Majorana (real) representation of the Dirac matri-
ces for which C = Γ0. The algebra (1) is then
{Qα, Qβ} = 1
2
(1∓ Γ01)αβ (5)
where Γ01 = Γ0Γ1, and similarly for other products of Dirac matrices.
Clearly, eigenspinors of {Q,Q} with zero eigenvalue satisfy
Γ01ǫ = ±ǫ . (6)
Since Γ01 squares to the identity its eigenvalues are ±1, and since it is also
traceless precisely half are +1 and half −1. Thus, the space of solutions to
(6) is 16-dimensional and we therefore deduce that ν = 1/2. There are no
other possibilities allowed by the supersymmetry algebra (1).
It is natural to associate the ν = 1/2 states for which P 2 = 0 with
massless particles. Classically, and in the absence of interactions, a massless
particle in a D=11 Minkowski vacuum is described by the action
S[X; e] =
∫
dτ e−1g (7)
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where the ‘einbein’ e(τ) is an independent worldline scalar density and g
is the metric on the worldline induced from spacetime, i.e. g = X˙2. In the
D=11 Minkowski vacuum, this action is invariant under translations of X.
The corresponding Noether charge is the null 11-momentum P . To incorpo-
rate supersymmetry we must replace the translation-invariant differential
dX by the supertranslation-invariant differential ω = dX − iθ¯Γdθ, so that
g = ω2. The worldline ‘fields’ of the resulting ‘superparticle’ action are
therefore the bosons XM (τ) and the fermions θα(τ). The fermion ‘fields’
θα transform inhomogeneously under supersymmetry (θ → θ + ǫ) and can
be interpreted as Nambu-Goldstone (NG) variables for broken supersym-
metry. This would appear to imply that all supersymmetry is broken but
the massless superparticle action has a fermionic gauge invariance, known
as ‘κ-symmetry’, that allows half the fermions to be ‘gauged away’. There
are therefore only 16 NG variables, corresponding to ν = 1/2. On the
one hand this symmetry appears miraculous since we made no attempt to
build it into the construction. On the other hand there would have been
a contradiction with our previous analysis had it not been present. In any
case, only half of the 32 components of θ(τ) are physical. These 16 physical
fermion fields may be split into 8 creation operators and 8 annihilation op-
erators. Quantization of the massless superparticle then leads to linearized
field equations for a supermultiplet of D=11 supersymmetry with 28 com-
ponents, of which 128 are bosons and 128 fermions. Detailed investigation
reveals that the Lorentz representations are those of the graviton supermul-
tiplet of D=11 supergravity, i.e. the graviton, gravitino, and 3-form gauge
potential A. In other words, quantization of the massless D=11 superpar-
ticle yields the linearized field equations of D=11 supergravity.
By including interactions we arrive at the full non-linear field equations
of D=11 supergravity. We may now ask whether these equations admit
solutions preserving some fraction of the supersymmetry. The procedure
for doing this is to seek D=11 spacetimes admitting Killing spinor fields,
i.e. spinors statisfying the first order differential equation
δǫψ ≡ Dǫ = 0 , (8)
where ψ is the one-form gravitino field and δǫψ its supersymmetry varia-
tion with spinor parameter ǫ(x). This variation defines a covariant exterior
derivative D. In principle, this operator includes terms involving contrac-
tions of Dirac matrices with the 4-form field strength F = dA. These terms
will eventually prove to be of crucial importance but they play no role in the
present discussion. Setting F = 0, the general 11-metric admitting Killing
spinors may be shown to take the ‘M-wave’ form [3]
ds2 = dudv +K(x, u)du2 + dx · dx , (9)
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where x are cartesian coordinates for E9 and K is an arbitrary function of
u but is harmonic on E9. This metric is asymptotically flat provided that
K → 0 as |x| → ∞. In this case there is an asymptotically flat region
in which P is defined by an ADM-type formula, and one can verify that
P 2 = 0. If the above metric is used to compute D one finds that the
condition (8) reduces to Γvǫ = 0, which (setting v = t+x
1) is equivalent to
(6). Actually, the spinor ǫ here is a field but it is assumed to be constant
at infinity and this constant spinor may be identified with a constant zero-
eigenvalue eigenspinor of {Q,Q}.
Given a solution of D=11 supergravity one may ask for the effective
action determining the dynamics of small fluctuations about it. This dy-
namics is governed by the Nambu-Goldstone variables associated with the
symmetries broken by the solution and these variables are fields on the
orbits of Killing vector fields of the background. The M-wave breaks trans-
lational invariance in the (u,x) directions (generically) and 1/2 of the su-
persymmetry. It has ∂/∂v as its only Killing vector field. We conclude
that the effective action for small fluctuations is a functional of the ‘fields’
(u(v),x(v);λ(v)), where λ represents the 16 NG fermions of 1/2-broken su-
persymmetry. Symmetry considerations now imply that the action must be
the light-cone gauge-fixed version of the massless superparticle. We have
now arrived back at our starting point in the analysis of ν = 1/2 realizations
of the standard D=11 superymmetry algebra.
About ten years ago it was realized that it is possible to couple D=11
supergravity to a closed supermembrane [4]. The membrane action has the
form
S = −T2
∫
vol(g) +Q2
∫
A (10)
where vol(g) is the worldvolume density in the induced metric g and A is
the pullback to the worldvolume of the 3-form potential A. The constant T2
is the surface tension, while Q2 is a membrane charge. The supermembrane
action is formally the same, but vol(g) and A are induced from superspace.
Actually, the supermembrane action of [4] is the special case of (10) in which
Q2 = T2. It turns out that precisely in this case the action is κ-symmetric,
i.e. it has a fermionic gauge invariance that allows half of the worldvolume
fermion fields to be ‘gauged away’. More precisely, the supermembrane
action is κ-symmetric if the background satisfies the field equations of D=11
supergravity. This allows, in particular, a D=11 vacuum background, in
which the worldvolume fermions can be interpreted as the NG variables
associated with the breaking by the membrane of 1/2 the supersymmetry
of the vacuum. This presents us with a paradox because we have just shown
that the D=11 supersymmetry algebra (1) allows only one object to have
this property, a massless particle. The resolution of this paradox is that the
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supersymmetry algebra is modified in the presence of a membrane. In the
D=11 Minkowski vacuum the supermembrane action is supertranslation
invariant and there therefore exist conserved Noether charges PM and Qα.
However, these charges do not obey the algebra (1). The reason for this is
that, unlike the massless superparticle action, the supermembrane action is
not manifestly supersymmetric: the coupling to the 3-form potential A does
not vanish in the D=11 Minkowski vacuum but instead reduces to a Wess-
Zumino term for the super-Poincare´ group. This term (which is defined up
to the addition of an exact 3-form) can be chosen to be translation invariant
but it then changes under a supersymmetry transformation by the addition
of an exact 3-form and this leads to a modification of the algebra of the
supertranslation Noether charges [5]. The modified algebra is
{Qα, Qβ} = (CΓM )αβPM + 1
2
(CΓMN)αβZ
MN , (11)
where
ZMN = Q2
∫
dXM ∧ dXN , (12)
and the integral is taken over the 2-cycle occupied by the membrane in
spacetime. The 2-form charge Z is not central in the super-Poincare´ algebra
because it does not commute with Lorentz transformations, but this is to be
expected of a charge carried by an extended object1. The charge Q2 is thus
analogous to the string winding number in string theory; it vanishes unless
the two-cycle is non-contractible. The case of an infinite planar membrane
can be dealt with by considering it as a limit of one wrapped on a large
torus. In this limit P 0 and some components of Z are infinite but the tension
T2 and the charge Q2 remain finite.
Essentially, the supermembrane is an exotic form of matter. As for any
other form of matter, a membrane will produce long-range gravitational
and other fields, allowing the tension T2 and charge Q2 to be detected as
surface integrals at infinity. In the case of an infinite planar membrane,
‘infinity’ should be interpreted to mean ‘transverse spatial infinity’, i.e. a
large distance limit in non-parallel directions. Transverse spatial infinity
is topologically R2 × S7, but the asymptotic translational invariance in
directions parallel to the membrane allows us to reduce integrals for total
charges to integrals over S7 for charge densities. The energy density is the
1The fact that p-form charges are carried by p-branes was the main result of [5] but
the charges themselves were considered previously in the context of the group mani-
fold approach to supergravity [6], on mathematical grounds [7], in the context of super
Yang-Mills theory [8, 9], and in some other ‘p-brane-inspired’ generalizations of the su-
persymmetry algebra [10, 11]. A related modification of the worldvolume supersymmetry
algebra of gauge-fixed super p-branes was found in [12].
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surface tension T2, which is given by a modification of the usual ADM
formula [13]. The membrane charge density is given by
Q2 = Ω
−1
7
∫
S7
⋆F (13)
where F = dA is the 4-form field strength and Ω7 the volume of the unit
7-sphere. The integral should be evaluated at infinity because, in contrast
to electrodynamics, the field equation for A is not d ⋆ F = 0, but rather
d[⋆F + F ∧ F ] = 0 , (14)
where the second term is due to the Chern-Simons (CS) term in the action.
Thus, ⋆F is not necessarily a closed 7-form. We shall consider the implica-
tions of this below, but d⋆F will vanish asymptotically in the circumstances
described above.
From (12) we see that a membrane in the 12 plane is associated with
non-zero Z12. Let us again choose the Majorana representation of the Dirac
matrices in which C = Γ0. Then, for a static membrane, the algebra (1)
becomes
{Q,Q} = P 0 + Γ012Z12 . (15)
Now, Q is real in the Majorana representation, so the left hand side is
manifestly positive. Since the sign of Z12 can be flipped by replacing the
membrane by an anti-membrane we must have P 0 ≥ 0. If P 0 = 0 we have
the vacuum. Otherwise P 0 > 0 and we derive the Witten-Olive-type bound
P 0 ≥ |Z12|, which is equivalent to
T2 ≥ |Q2| . (16)
A stable membrane is expected to saturate this bound, so the case in which
the bound is saturated, i.e. T2 = |Q2|, is of particular importance. In this
case the anticommutator (15) becomes
{Q,Q} = P 0[1∓ Γ012] . (17)
Spinors ǫ satisfying
Γ012ǫ = ±ǫ (18)
are eigenspinors of {Q,Q} with zero eigenvalue. Since Γ012 squares to the
identity, and is traceless, the dimension of the zero-eigenvalue eigenspace
of {Q,Q} is 16. In other words, a membrane saturating the bound (16)
preserves 1/2 the supersymmetry of the vacuum [5]. This fact is directly
related to the κ-symmetry of the supermembrane action.
The bound (16) can also be derived [14], subject to standard assump-
tions, via a modification of the Gibbons-Hull bound on the mass of charged
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black holes in General Relativity2. In this approach, the solutions saturating
the bound are, as in the M-wave case, those admitting Killing spinor fields
satisfying (8), but now one must allow for a 4-form field strength F con-
sistent with the asymptotic form required by a non-zero membrane charge
Q2. In this way one obtains the following 1/2 supersymmetric membrane
solution of D=11 supergravity [15]:
ds2 = H−2/3ds2(E2,1) +H1/3ds2(E8)
F = vol(E2,1) ∧ dH−1 (19)
where H(x) is a harmonic function on E8. The choice
H = 1 +
n∑
s=1
|qs|
|x− xs|6 (20)
leads to a metric that is ‘transverse-asymptotically’ flat and which can be
interpreted as n parallel membranes with charges qs at ‘centres’ x = xs,
(s = 1, . . . , n). The singularities at the centres of the metric are actu-
ally degenerate Killing horizons. The maximal analytic extension is anal-
ogous to the extreme Reissner-Nordstom (RN) multi black hole solution
of Maxwell-Einstein theory in D=4; there is a singular timelike membrane
source behind each horizon [16]. The existence of multi-membrane solutions
indicates that the static force between parallel membranes cancels because
of a balance between the attraction due to gravity and the electrostatic-
type repulsion due to the 3-form potential. This balance is possible only
when T2 = |Q2|. Again, there is a close analogy here to extreme RN black
holes.
The two-form central charge is not the only possible central extension
of the D=11 supertranslation algebra. It is also possible to include a five-
form charge [6, 7]. Given that the two-form extension is associated with
a membrane it might seem obvious that the five-form is associated with a
fivebrane, but it actually took almost another ten years for this connection
to be made. To see how a fivebrane might appear, consider the surface
integral
Q5 = Ω
−1
4
∫
S4
F , (21)
where Ω4 is the volume of the unit 4-sphere. Because of the Bianchi identity
dF = 0, this integral is homotopy invariant: if it is non-zero the 4-sphere
2Actually, in the conventions used in [14], the bound is saturated when T2 = (1/2)|Q2|,
and there is a similar factor of 1/2 for the fivebrane to be discussed below. To retain
these factors would suggest a level of attention to the consistency of conventions that
has not been attempted here. Various factors in formulas appearing in these lectures
have therefore been set to one on the grounds that this is the correct factor for some
convention.
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must surround a magnetically-charged topological defect of the 3-form po-
tential A. This defect must be 5-dimensional, and the 4-sphere can be taken
to be a sphere of fixed radius in a 5-dimensional space transverse to the
6-dimensional worldvolume of a fivebrane defect. This is just an applica-
tion to D=11 and p = 2 of the well-known fact that the magnetic dual of
a p-brane in a D-dimensional spacetime is a (D − p − 4)-brane. Assuming
boundary conditions appropriate to an infinite planar fivebrane one can
derive the bound T5 ≥ |Q5| on the fivebrane tension. The configuration
saturating the bound is [17]
ds2 = H−1/3ds2(E(5,1)) +H2/3ds2(E5)
F = ∗dH (22)
where ∗ is the Hodge dual on E5 and H(x) is a harmonic function on E5.
The choice
H = 1 +
n∑
s=1
|ps|
|x− xs| (23)
can be interpreted as n parallel fivebranes with charges ps at positions x =
xs, (s = 1, . . . , n) in E
5. Like the membrane solution of D=11 supergravity,
this fivebrane solution admits 16 Killing spinor fields and so preserves half
the supersymmetry. The singularities of H are again just Killing horizons
of the metric, but in this case there is no singularity behind the horizon;
the maximal analytic extension is geodesically complete [14].
The fact that dF = 0 means that the 4-sphere surrounding the five-
brane can be deformed at will without changing the value of the charge
Q5. We do not even have to worry about passing through singularities of
F because, as just mentioned, there are none. One consequence of this is
that a fivebrane carrying non-zero Q5 charge must be closed, i.e. it cannot
have a boundary. If there were a boundary then the 4-sphere of the Q5
integral could be pushed past it and shrunk to a point, so Q5 would vanish,
contrary to hypothesis. A similar conclusion would hold for the membrane
if the equation of motion for the 3-form potential were d⋆F = 0, but as this
is not the equation of motion the conclusion is modified. A closer analysis
[18] shows that the membrane may have a boundary on a fivebrane3. We
pass over the details here as we shall eventually recover the result from a
different approach.
By analogy with the membrane, one would expect the fivebrane charge
Q5 to be the magnitude of a 5-form charge in the D=11 supertranslation
algebra. In other words, taking both the membrane and the fivebrane into
3A conclusion originally arrived at in [19, 20], following the discovery that Type II
superstrings can end on D-branes [21].
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account we that (11) should be replaced by [22]
{Qα, Qβ} = (ΓMC)αβPM+ 1
2
(ΓMNC)αβZ
MN+
1
5!
(ΓMNPQRC)αβY
MNPQR
(24)
where Y is the 5-form charge. One indirect argument for its presence is
that the fivebrane solution could not otherwise be half-supersymmetric. To
see that this is possible in the presence of a 5-form charge, let us associate
a static fivebrane in the 12345 5-plane with non-zero Y12345, and define
q5 = Y12345/P
0. The {Q,Q} anticommutator is then
{Q,Q} = P 0[1 + Γ012345q5] . (25)
As before, we deduce that |q5| ≤ 1. We may identify |q5| with the ratio of
the fivebrane’s charge Q5 to its tension T5, so the bound is equivalent to
T5 ≥ |Q5|. When this bound is saturated, half of the eigenvalues of {Q,Q}
vanish so that half the supersymmetry is preserved.
If the fivebrane is to be associated with a 5-form charge in the super-
symmetry algebra then its worldvolume action must contain a coupling to
a 6-form potential B induced from a 6-form B on superspace. It is natural
to identify B as the magnetic potential dual to A, but the presence of the
CS term in the D=11 supergravity action seems to prevent the dualization
of A. However, the A field equation allows us to write
[⋆F + F ∧ F ] = dB , (26)
and there is a superfield version of this [23]. Thus, the required superspace
6-form potential exists for on-shell supergravity backgrounds4. The on-shell
restriction is no disadvantage since this is in any case an expected conse-
quence of κ-symmetry.
One might suppose that the superfivebrane action is just a higher-
dimensional generalization of the supermembrane action, but this is not
so. In both cases the worldvolume field theory must, after (partial) gauge
fixing, have 16 (linearly realized) supersymmetries (counting each compo-
nent of the supercharge separately). Massless supermultiplets of such su-
persymmetry algebras have 8 boson degrees of freedom, per worldvolume
point (16 in phase space). In the membrane case the worldvolume fields
are the maps from the worldvolume to superspace so that on fixing the 3
worldvolume diffeomorphisms we are left with 8 physical scalar fields de-
scribing transverse fluctations of the membrane. For the fivebrane a similar
count yields 5 scalars describing fluctations transverse to the fivebrane. We
therefore need 3 additional boson degrees of freedom, which must be pro-
vided by other boson field(s) needed to complete a supermultiplet of N=2
4Both A and B appear off-shell in a new formulation of D=11 supergravity [24].
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D=6 supersymmetry. The only possibility is the antisymmetric tensor mul-
tiplet of chiral (2,0) D=6 supersymmetry [25, 26] (originally identified as
the one containing the worldvolume fields of the IIA fivebrane [27]5). As
the terminology suggests, the (2,0) antisymmetric tensor multiplet has a 2-
form gauge potential U . Its field strength H = dU is self-dual. This makes
the construction of an action difficult, even at the linearized level. Some of
these difficulties are intrinsic and lead to unavoidable complications in the
quantum theory [28]. One could ask only for field equations, and these were
presented in [29] as superfield constraints on the extrinsic supergeometry.
One could also abandon manifest six-dimensional Lorentz covariance, and
an action of this type was given in [30]. However, it is possible to find a
manifestly Lorentz invariant superfivebrane action [31], at the cost of hav-
ing to include a factor of 1/(∂a)2 where a is an additional worldvolume
scalar gauge field (the ‘PST field’). These three formulations have been
shown to be classically equivalent [32, 33], and the Noether charges of the
Lorentz covariant action have been shown to obey the algebra (24), with
both 5-form and 2-form charges [34].
The action of [31] provides a simple route to the hamiltonian formula-
tion, some aspects of which will be explained here for later use. This for-
mulation is especially simple in a vacuum background. Omitting fermions,
the phase-space Lagrangian density is [35]
L = P · X˙ +ΠabU˙ab + λa∂bΠab − sa(P · ∂aX − Va)
+σab(Π
ab +
1
4
H˜ab)− 1
2
v[(P − gabVa∂bX)2 + det(g + H˜)] (27)
where g is here the ‘worldspace’ 5-metric of the fivebrane and
H˜ab = 1
6
εabcdeHcde
H˜ab =
1√
det g
gacgadH˜cd
Vf =
1
24
εabcdeHabcHdef (28)
Note that the Gauss law constraint on the electric 2-form Π (imposed by the
Lagrange multiplier λa) becomes equivalent to the Bianchi identity dH = 0
on using the constraint imposed by the Lagrange multiplier σab. This is
how the self-duality of the worldvolume 3-form H is incorporated in the
phase-space action, which depends only the worldspace components of H.
5In that case only four of the five scalars were interpreted as NG variables representing
transverse fluctuations, but the presence of the fifth scalar suggests an 11-dimensional
interpretation. In fact, the fivebrane solution of D=10 IIA supergravity is the fivebrane
solution of D=11 supergravity; one has only to reinterpret the fields.
M-THEORY FROM ITS SUPERALGEBRA 11
The Lagrange multipliers sa and v impose the worldspace diffeomorphism
and hamiltonian constraints, respectively.
At this point it may seem that a new term in the D=11 supersymmetry
algebra is found every ten years and that it might therefore be prudent to
wait another ten years to see what happens. While there will undoubtedly
be many advances in our understanding of M-theory over the next ten years,
the addition of another term to the D=11 supersymmetry algebra is not
likely to be one of them. The total number of entries of the real symmetric
32 × 32 matrix {Q,Q} is 528. This is the same as the total number of
components of P , Z and Y . To see that this is no accident we first note that
the matrices CΓM1...Mn are either symmetric or antisymmetric, depending
on the value of n. Because of (2), we need consider only n ≤ 5 and of these
only the n = 1, 2, 5 matrices are symmetric. Thus, (24) is the most general
D=11 super-translation algebra with one D=11 spinor charge. The matrix
{Q,Q} may, initially, be considered as an element in the Lie algebra of
the group Sp(32;R). This has an SO(1, 10) subgroup with respect to which
the 528-dimensional adjoint representation of Sp(32;R) has the following
decomposition
528→ 11⊕ 55⊕ 462 . (29)
This is just the decomposition provided by the charges P , Z and Y . In
fact, because the bosonic charges are all assumed to be abelian, the algebra
spanned by (Q;P, Y, Z), is a contraction of OSp(1|32;R).
The algebra (24) was called the ‘M-theory algebra’ in [36] because it
encodes many of the important features of M-theory. The most significant is
that it shows that, in addition to M-waves, both membranes and fivebranes,
henceforth to be called M-2-branes and M-5-branes, can also preserve 1/2
supersymmetry. In this sense, and also because they are related by dualities
(in a way to be explained below) the M-Wave, M-2-brane and M-5-brane
should be considered on a similar footing. However, these are not the only
ingredients. In compactified spacetimes there are additional possibilities, as
we now discuss.
2. Lecture 2: More branes from M-theory
Membranes and fivebranes are associated with the spatial components of
the charges Z and Y in the M-theory superalgebra. Having introduced these
charges we should now consider what might be the significance of their time
components. This is most straightforward for the 5-form charge Y , so we
consider it first. Let us suppose that all bosonic charges other than P 0 and
Y0789♮ vanish, and set q˜5 = Y0789♮/P
0. Then
{Qα, Qβ} = P 0[1− Γ789♮ q˜5] . (30)
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Again, Γ789♮ squares to the identity and has zero trace, and therefore has
eigenvalues ±1. Positivity implies the bound |q˜5| ≤ 1 and configurations
which saturate the bound preserve 1/2 supersymmetry and are associated
with the constraint
Γ789♮ǫ = ±ǫ . (31)
This constraint is not obviously associated with a brane, but it is equivalent
to
Γ0123456ǫ = ±ǫ (32)
which suggests a 6-brane. There is no 7-form gauge potential of D=11
supergravity to couple to a 6-brane but if we compactify in the ♮ th direction
on S1 we obtain a Kaluza-Klein (KK) vector potential C in D=10, with
6-form dual. Thus, an object that is magnetically charged with respect to
C is a 6-brane. This 6-brane has an M-theory interpretation [37] as a KK
monopole [38, 39].
To see this in more detail we need the KK ansatz relating the bosonic
fields of D=11 supergravity with those of D=10 IIA supergravity. Setting
y = X♮, the KK ansatz for the bosonic IIA string-frame fields is
ds211 = e
−
2
3
φ(x)ds210 + e
4
3
φ(x)(dy + dxµCµ(x))
2
A11 = A(x) + dy ∧B(x) . (33)
where we now suppose that y is periodically identified with period 2π. The
10-metric, ‘dilaton’ field φ and two-form potential B are the massless NS-
NS fields of IIA superstring theory, while the D=10 gauge potentials A and
C are the massless R-R fields. Defining G = dC one finds the following
6-brane solution of the IIA supergravity field equations [40]
ds210 = H
−
1
2ds2(E(6,1)) +H
1
2 dx · dx
e−4φ = H3
G = ∗dH , (34)
where H is a harmonic function on E3 (with coordinates x) and ∗ indicates
the Hodge dual on E3. The singularities of H are the positions of parallel
6-branes; far away from these singularies the metric will be asymptotic to
the D=10 Minkowski metric if we choose H such that H → 1 as |x| → ∞.
From the ansatz (33) we can read off the corresponding D=11 supergravity
solution. It has F = 0 and 11-metric
ds2 = ds2(E(6,1)) +H dx · dx+H−1 (dy +C · dx)2 . (35)
Given the assumed asymptotic property of H, the 11-metric is asymptotic
to the KK vacuum E(9,1)×S1 as |x| → ∞, confirming the KK interpretation.
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If we set |x| = r and choose
H = 1 +
1
2r
(36)
then the 11-metric (35) is just the product of E(6,1) with the Euclidean-
Taub-NUT (ETN) 4-metric. The dimensional reduction to D=10 yields the
metric of a single 6-brane located at the origin of E3. However, whereas
the 6-brane solution is genuinely singular at r = 0, the corresponding sin-
gularity of the 11-metric is just a coordinate singularity, provided that y
is identified with period 2π. To see this we note that H ∼ 1/2r near the
singularity, so the metric near the singularity is
ds24 ∼
1
2r
(dr2 + r2dΩ22) + 2r(dy + C)
2
∼ dr
2
2r
+
r
2
[dΩ22 + 4(dy + C)
2] (37)
where dΩ22 is the SO(3)-invariant metric on the 2-sphere. Setting ρ =
√
2r
we have
ds24 ∼ dρ2 + ρ2[dΩ22 + 4(dy + C)2] . (38)
Now, provided that y ∼ y + 2π, the hypersurfaces of constant ρ are 3-
spheres, each being a U(1) bundle over S2 (the Hopf fibration), so the
asymptotic metric near the singularity of H is just the metric on E4 in polar
coordinates. The ‘M-monopole’ metric (35) therefore interpolates between
the ‘M-theory vacuum’ E(10,1) near r = 0 and the KK vacuum E(9,1) × S1
near r =∞. The M-2-brane and M-5-brane solutions of D=11 supergravity
similarly interpolate between maximally-supersymmetric vacuum solutions
[25], with the difference that the ‘M-theory vacuum’ is at now at infinity
and one finds either the adS4 × S7 or the adS7 × S4 KK vacuum near the
singularities of H (i.e. at the horizons).
Having now dealt with the significance of M-theory configurations carry-
ing the time-component of the 5-form charge Y it remains for us to consider
the significance of the time component of the two-form charge Z. If we sup-
pose that Z0♮ = ∓P 0 with all other charges vanishing then we find that
{Q,Q} = P 0(1∓Γ♮). Configurations preserving 1/2 supersymmetry are now
associated with spinors ǫ satisfying the constraint Γ♮ǫ = ±ǫ. Again, this is
not immediately interpretable as the condition imposed by the presence of
a brane but it is equivalent to
Γ0123456789ǫ = ±ǫ (39)
which suggests a 9-brane. It seems that this must be interpreted as a con-
straint associated with a (9+1)-dimensional boundary of the 11-dimensional
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spacetime, or ‘M-boundary’, as in the Horˇava-Witten (HW) description of
the heterotic string [41]. Note that the D=11 constraint (39) is equiva-
lent to the D=10 chirality constraint Γ11ǫ = ±ǫ, so the field theory on
the M-boundary boundary is indeed chiral. The D=10 interpretation of
the M-boundary is as the Minkowski vacuum of the heterotic string theory
(which might equally well be called the IIA 9-brane [42]). The connection
to bone fide branes becomes clearer if we instead consider Z09 = P 0 but still
compactify to the IIA theory in the ♮ th direction. The spinor constraint
associated with 1/2 supersymmetric configurations is then equivalent to
Γ012345678Γ11ǫ = ±ǫ , (40)
which is naturally associated with an 8-brane; in fact, it is the IIA D-8-
brane constraint [43].
We have now discussed the significance of all charges in the M-theory
algebra. We have seen that the time components of the 2-form and 5-form
charges can be interpreted as those carried by branes of the S1-compactified
M-theory, alias IIA superstring theory. All other IIA branes can be obtained
directly from the M-wave, M-2-brane and M-5-brane. Consider, for exam-
ple, the M-wave. Compactifying M-theory in one of the nine transverse (x)
directions we obviously get a similar wave solution of IIA supergravity, but
if we choose K to be u-independent then we can also consider compactifi-
cation in the direction parametrized by y = v − u. Defining t = v + u, the
M-wave 11-metric can then be written as
ds211 = −dt2 + dy2 +K(x)(dt − dy)2 + dx · dx
= −H− 12 [H− 12 dt2 −H 12dx · dx] +H[dy + (H−1 − 1)dt]2 (41)
where
H = 1 +K . (42)
We may now use the ansatz (33) to deduce that the following IIA configu-
ration is a solution of IIA supergravity
ds210 = −H−
1
2dt2 +H
1
2dx · dx
e
4
3
φ = H
G = dt ∧ dH−1 . (43)
Note that H → 1 at infinity because K → 0, so this solution is asymptot-
ically flat. In fact, it is a kind of extreme black hole although the isolated
singularities of H are not horizons but rather genuine singularities of the
metric, which must be resolved by going beyond IIA supergravity. In the
context of IIA superstring theory the solution (43) gives the long-range
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fields of the D-0-brane. We note here that the condition (6) imposed on
Killing spinors by the presence of an M-wave in D=11 becomes, in D=10,
the condition
Γ0Γ11ǫ = ±ǫ , (44)
which is characteristic of a D-0-brane. Since a D-0-brane is 1/2 supersym-
metric its mass is simply related to its charge, which is quantized as a
consequence of the Dirac-Nepomechie-Teitelboim (DNT) quantization con-
dition between 0-branes and their 6-brane magnetic duals. In the context
of M-theory this quantization condition is due to the compactness of the
11th dimension. The quantization condition on the 6-brane charge is then
just what is needed to ensure the non-singularity of the M-monopole metric
in D=11, as discussed above.
Let us now turn to the membrane solution (19). We can write it as
ds211 = H
1
3 [H−1ds2(E(1,1)) + ds2(E8)] +H−
2
3dy2
F = [vol(E(1,1)) ∧ dH−1] ∧ dy (45)
The ansatz (33) then leads to the following string solution of IIA super-
gravity
ds210 = H
−1ds2(E(1,1)) + ds2(E8)
e−2φ = H
F(3) = vol(E
(1,1)) ∧ dH−1 (46)
where F(3) = dB is a 3-form field strength. This gives the long range fields
of an infinite straight IIA superstring, which may therefore be interpreted
as the D=11 membrane wrapped on the KK circle [44].
If we choose the harmonic function in (19) to be independent of one of
the E8 coordinates, which we now call y, then we can instead rewrite the
membrane 11-metric as
ds211 = H
−
1
6 [H−
1
2 ds2(E(2,1)) +H
1
2ds2(E7)] +H
1
3 dy2 (47)
where H is now harmonic on E7. From the ansatz (33) we can then read off
a membrane solution of IIA supergravity. Note that it has a similar form
to the 6-brane and 0-brane solutions already given. In fact, all are special
cases of a general type II supergravity D-p-brane solution (even p for IIA
and odd p for IIB) for which the 10-metric and dilaton take the form
ds210 = H
−
1
2 ds2(E(p,1)) +H
1
2ds2(E9−p)
e4φ = H3−p (48)
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where H is a harmonic function on E9−p. The metric is asymptotically flat
(for p ≤ 6) if H → 1 at infinity, and if we assume isolated singularities
then these can be interpreted as the positions of parallel p-branes in static
equilibrium. Clearly, the p ≥ 7 cases are special because H is logarithmic
for p = 7 and linear for p = 8. The 8-brane case of (48) is a solution of
the ‘massive’ IIA supergravity theory which is not directly obtainable by
reduction of D=11 supergravity6.
Turning finally to the 5-brane solution (22) we may either wrap it on
S1, which yields the D-4-brane solution, i.e. the p = 4 case of (48), or we
may simply reduce it to D=10, as done above for the membrane, to get the
following IIA 5-brane solution
ds210 = ds
2(E(5,1)) +Hds2(E4)
e2φ = H
F(3) = ∗dH (49)
where H is now harmonic on E4 and ∗ indicates the Hodge dual on E4. This
is the magnetic dual of the IIA string solution. Unlike the string solution,
however, the dual 5-brane solution is non-singular in the sense that the
metric is geodesically complete, assuming of course that H has only point
singularities and is such that H → 1 at infinity. Near a singularity at r = 0
in E5, where r is a radial coordinate, we have H ∼ 1/r3 so that the distance
to the singularity from r = R is
ds ∼
∫ R
0
dr
r3/2
=∞ . (50)
This is the distance on a spacelike geodesic. Because of the direct prod-
uct structure of the metric it suffices to consider spacelike geodesics. Thus,
the singularities of H are at infinite affine parameter on all geodesics and
the IIA 5-brane string-frame metric is therefore geodesically complete [40].
As the 5-brane is the magnetic dual of the ‘fundamental’ string it is per-
haps not surprising that it should be non-singular. Note, however, that
the non-singularity is achieved by a very different mechanism to that of
the M-5-brane, for which the singularities of H are horizons at finite affine
parameter.
We have now seen all the p-brane solutions of D=11 supergravity and
IIA D=10 supergravity. The relation between them is nicely summarized by
the reduction to D=10 of the M-theory superalgebra. Simply decomposing
6This is perhaps not unexpected in view of the association made above of the 8-brane
charge with a D=11 spacetime boundary because a boundary is determined by imposing
boundary conditions rather than by solving local field equations. Perhaps the distinction
between these two aspects of traditional physics is blurred in M-theory.
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the SO(10, 1) representations into SO(9, 1) representations we obtain the
algebra
{Qα, Qβ} = (CΓµ)αβPµ + (CΓ11)αβP11 + (CΓµΓ11)αβZµ
+
1
2
(CΓµν)αβZµν +
1
4!
(CΓµνρσΓ11)αβYµνρσ
+
1
5!
(CΓµνρσλ)αβYµνρσλ . (51)
We can associate the space components of Pµ with IIA-waves, or supergravi-
tons of IIA supergravity. The central charge P11 is carried by D-0-branes
which (together with their threshold bound states) are IIA-superstring
manifestation of the KK-modes arising from the compactification from
D=11 [37, 45]. Each space component of Zµ is a charge carried by a ‘fun-
damental’ IIA superstring, the component depending upon the orientation
of the string. All other charges are similarly carried by other IIA p-branes.
We conclude this lecture with a brief digression from the main line of
our argument. Recall that isolated singularities of the harmonic function
H in the M-KK-monopole 11-metric (35) are just coordinate singularities,
although they are genuine singularities of the IIA 6-brane 10-metric. The
singularity in D=10 can be viewed as arising from an illegitimate neglect
of the 11th dimension. But what about non-isolated singularities? Consider
the harmonic function
H = 1 +
1
2|x− a| +
1
2|x+ a| , (52)
which represents two ‘parallel’ M-KK-monopoles, i.e. that D=11 super-
gravity configuration reducing in D=10 to two parallel IIA 6-branes. At
the two singularities of H the KK circle contracts to a point. The two
M-KK-monopoles are therefore connected by a homology 2-sphere with az-
imuthal angle y and poles at x = ±a. If we now take |a| → 0 then this
homology 2-sphere shrinks to a point and the metric acquires a genuine
curvature singularity.
To resolve this singularity one needs to take into account the fact that
membranes may wrap around the 2-sphere. The total energy of such a
membrane is proportional to the area A of the 2-sphere, at least for the
large area limit in which the semiclassical description of the M-2-brane is
valid. One would normally expect this semiclassical result to be modified
by corrections that are small for large A but become dominant as A → 0.
However, supersymmetry ensures that this does not happen, and wrapped
M-2-branes become massless as A → 0 [46]. This was originally shown for
K3 compactifications of M-theory, following the suggestion in [45] that the
symmetry enhancement expected on the basis of duality with the heterotic
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string should be associated with collapsing 2-cycles ofK3. But the geometry
near a collapsing two-cycle of K3 is the same as the geometry near a pair of
nearly-coincident parallel M-theory monopoles7. The geometry in the K3
case is that of the Eguchi-Hanson instanton which differs from two-centre
ETN metric only by the absence of the ‘1’ term in the harmonic function H.
This difference is insignificant near the centres of the metric when |a| → 0.
From the D=10 perspective, the wrapped membranes are strings stretched
between two D-6-branes and the massless states that appear in the coin-
cidence limit are the string states that lead to an enhancement to U(2) of
the U(1) × U(1) gauge symmetry on the 6-branes’s common worldvolume
[48]. Thus, the short distance, or UV, singularity of the classical supergrav-
ity solution that occurs when |a| = 0 is due to an illegitimate neglect of
massless supermembrane states. The inclusion of these additional massless
states resolves the singularity. We see that at least some of the UV singu-
larities of supergravity are resolved in M-theory by relating them to the IR
physics of massless particles coming from membranes. The resolution of UV
singularities of quantum gravity by new IR physics on branes is embodied
in the M(atrix) model approach to M-theory, which will not be discussed
here (and for which we refer to [49] for a recent review). Instead we shall
continue to concentrate on what can be learnt from classical solutions of
D=11 supergravity and, more abstractly, the M-theory superalgebra.
3. Lecture 3: Dualities
There is a web of dualities connecting M-theory with both the Type IIA
and Type IIB superstring theories, a summary of which may be found in
my previous lectures on M-theory [36]. The relation between M-theory and
the Type IIA superstring theory will be called ‘M-duality’; we have just
seen how some aspects of this relation are encoded in the respective super-
symmetry algebras. We are now going to see how the ‘T-duality’ connecting
the IIA and IIB superstring theories is similarly encoded.
We begin by reconsidering the IIA algebra of (51) in a form in which
the D=10 Majorana supercharge Q is decomposed into the sum of two
Majorana-Weyl supercharges Q± of opposite chirality, i.e.
Q± = P±Q P± ≡ 1
2
(1± Γ11) . (53)
The IIA supersymmetry algebra (51) becomes
{Q+α , Q+β } = (CP+Γµ)αβ(P + Z)µ +
1
5!
(CΓµνρσλ)αβY
+
µνρσλ
7This point has been made independently by Sen [47].
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{Q−α , Q−β } = (CP−Γµ)αβ(P − Z)µ +
1
5!
(CΓµνρσλ)αβY
−
µνρσλ
{Q+α , Q−β } = (CP+)P11 +
1
2
(CP+Γµν)αβZµν
+
1
4!
(CP+Γµνρσ)αβYµνρσ , (54)
where Y ± are (anti)self-dual 5-form charges. The p-forms occuring in the
last anticommutator are the charges carried by the D-p-branes of type IIA
superstring theory. There are manifestly charges for p = 0, 2, 4, but there
are also charges for p = 6, 8 coming from the time components of Yµνρσ and
Zµν , respectively. These D-brane charges couple to the massless R-R fields
of IIA superstring theory and so are also called the (IIA) ‘R-R charges’. All
other charges are ‘NS-NS charges’ because they couple to massless fields in
the NS-NS sector of the superstring theory. The latter include the 1-form
charge carried by the IIA superstring itself and two 5-form charges, counting
the algebraically irreducible self-dual and anti-self-dual 5-forms separately.
The combination Y = Y + + Y − is the 5-form charge descending from the
5-form in D=11 and is therefore the charge carried by the magnetic 5-brane
dual to the IIA string. This is called the NS-5-brane or the ‘solitonic’ 5-
brane (S-5-brane). The other combination Y˜ = Y + − Y − is the 5-form
charge associated to IIA-KK-monopoles.
The IIA algebra is invariant under the transformation for which Q− and
all RR charges change sign. If we ‘mod out’ by this symmetry we arrive at
the N=1 D=10 supersymmetry algebra of the heterotic string (since this is
the N=1 superstring without a RR sector). This heterotic supersymmetry
algebra, is equivalent to
{Q+α , Q+β } = (CP+Γµ)αβ(P + Z)µ +
1
2.5!
(CΓµνρσλ)αβ(Y + Y˜ )µνρσλ . (55)
Note that this is invariant under the interchange of, say, P9 with Z9. For
this to represent a symmetry of the heterotic string theory the spectra of
these two operators would have to coincide. This is not normally the case
but if the 9-direction is a circle, of radius R, then the spectra of P9 and Z9
are isomorphic, the isomorphism involving the transformation R→ 1/R. In
other words, the spectrum of the heterotic string theory compactified on a
circle of radius R is identical to that of the same string theory compactified
on a circle of radius 1/R because the transformation R → 1/R exchanges
the KK modes, i.e. the spectrum of P9, with the string winding modes, i.e.
the spectrum of Z9. In fact, the two heterotic string theory compactifica-
tions are equivalent to all orders in string perturbation theory; they are
said to be ‘T-dual’.
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To see whether this remains true of the fully non-perturbative theory
one must consider the effects of the T-duality transformation on the non-
perturbative spectrum. For example, having chosen X9 as the parameter
of a KK circle of radius R, we have KK-monoples with p-form charges Y˜
proportional to R. We also have a KK tower of 5-branes with charges Y
proportional to 1/R. Now, just as compactification from D=11 to D=10
allows the M-KK-monopole to be interpreted as a 6-brane, so compactifi-
cation from D=10 to D=9 allows a D=10 KK-monopole to be interpreted as
a 5-brane. This is nominally a 5-brane in D=9 but it can be re-interpreted
in D=10 as one of the KK tower of 5-branes. Given that the KK-monopole
charge was, say, Y˜06789, the charge on the T-dual 5-brane will be Y12345.
In fact, for each KK-monopole with charge Y˜ = 12(Y
+ − Y −) we have a
T-dual 5-brane with charge Y = 12(Y
+ + Y −), so at least this sector of the
non-perturbative spectrum is invariant under R → 1/R provided that we
also take Y − → −Y − (for all 09 and 8-space components). Since only Y +
appears in the heterotic algebra (55), this algebra is invariant, consistent
with the non-perturbative validity of heterotic T-duality.
So far, T-duality can be summarized by the statement that T-duality
in the 9-direction effects the transformation
(P −Z)9 → −(P −Z)9, Y −0abcd9 → −Y −0abc9, Y −abcde → −Y −abcde (56)
where a, b, c, d, e = 1, 2, . . . , 8. The IIA superstring theory cannot be T-
dual to itself because the full IIA supersymmetry algebra is definitely not
invariant under this transformation. Of course, in performing this exchange
we are just relabelling the generators that span the algebra, but it is a re-
labelling that destroys the manifest D=10 Lorentz covariance. One might
suppose that manifest Lorentz covariance could be restored only by re-
versing the interchange but, remarkably, there exists another way. We first
note that (56) changes some signs, in a non-Lorentz covariant fashion, in the
{Q−, Q−} anticommutator. We can reverse these sign changes by defining
a new charge Q˜+ by
Q− = Q˜+Γ9 . (57)
The new charge is chiral rather than antichiral because multiplication by
Γ9 changes the chirality. We now find that
{Q˜+α , Q˜+β } = (CP+Γµ)αβ(P − Z)µ +
1
5!
(CΓµνρσλ)αβV
+
µνρσλ (58)
where V + is a new self-dual 5-form such that
V +mnpqr = Y
−
mnpqr (m,n, p, q, r = 0, 1, . . . , 8), (59)
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the other components being determined by (anti)self-duality. The remaining
anticommutator with the RR charges becomes
{Q˜+α , Q˜+β } = (CP+Γµ)αβZ˜µ +
1
3!
(CP+Γmuνρ)αβWµνρ
+
1
5!
(CΓµνρσ)αβ V˜
+
µνρσλ (60)
where
Z˜µ = (Zm9, P11)
Wµνρ = (Ymnp9, Zmn)
V˜ +mnpq9 = Ymnpq . (61)
We have now arrived at the other D=10 N=2 supersymmetry algebra,
the IIB algebra, which has two chiral supercharges QI = (Q+, Q˜+). The
{Q,Q} anticommutator can be written in the form
{QIα, QJβ} = (CP+Γµ)αβ(δIJPµ + σIJ3 Zµ + σIJ1 Z˜µ)
+
1
3!
σIJ2 (CP+Γµνρ)αβWµνρ +
1
5!
δIJ (CΓµνρσλ)αβK
+
µνρσλ
+
1
5!
(CΓµνρσλ)αβ(σ
IJ
3 V
+
µνρσλ + σ
IJ
1 V˜
+
µνρσλ) (62)
where
K+ = Y + − V + . (63)
The process by which we arrived at this algebra suggests, correctly [50, 51],
that the T-dual of the IIA superstring theory is the IIB superstring theory,
and vice-versa. T-duality relates the IIA theory compactified on a circle
of radius R to the IIB-theory compactified on a circle of radius 1/R. Of
course, neither theory is D=10 Lorentz covariant for finite R or 1/R, but
D=10 Lorentz covariance is recovered in either of the two limits R→ 0 or
R → ∞. We also learn from the T-duality map between the two Type II
algebras how the branes of one theory are to be interpreted in the other
one.
For example, from the fact that the transverse 1-form charge Zm in
the IIA algebra is mapped to the same charge in the IIB algebra we learn
that T-duality in a direction perpendicular to the IIA string transforms it
into the IIB string, and vice-versa. This can be verified by inspection of
the solutions representing the long-range fields of the IIA and IIB strings.
In fact, the solution is the same for both IIA and IIB, and it is also a
solution of the effective supergravity field equations of the heterotic string.
The (string-frame) 10-metric of this common string solution is given in
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(46). T-duality in a direction perpendicular to the string requires that we
compactify one of the directions of the transverse 8-space, which becomes
E
7 × S1. The absence of any power of the harmonic function multiplying
the metric on this transverse space shows that the 10-metric is invariant
under the inversion of the radius of the S1 factor, apart from a possible
constant rescaling of the coordinates to achieve a standard identification
of the S1 coordinate. In the heterotic case we interpret this to mean that
the heterotic string is mapped into itself. In the Type II cases we must
interpret it to mean that the IIA string is mapped to the IIB string, and
vice-versa. Similarly, the fact that Z9 in the IIA(B) algebra is mapped to
P9 in the IIB(A) algebra shows that T-duality in a direction parallel to a
IIA(B) string results in a IIB(A)-wave. This is slightly less straightforward
to verify at the level of supergravity solutions, essentially because the wave
has an off-diagonal metric. Since all fields involved are common to the Type
II and heterotic strings the details can be found in most other accounts of
T-duality and will therefore be omitted here.
Turning to the 5-form charges in the Type II algebras we see that T-
duality of a IIA-KK-monopole in a ‘parallel’ direction yields a IIB-KK-
monopole, where ‘parallel’ means in a direction other than that ‘occupied’
by the ETN 4-metric of the KK-monopole. This can also be seen from in-
spection of the IIA-KK-monopole metric. The D=11 KK-monopole metric
is given in (35). Using the dimensional reduction ansatz (33) we see that
the IIA dilaton is constant and the IIA 10-metric is
ds210 = ds
2(E5,1) +Hdx · dx+H−1(dy + C)2 . (64)
The only non-zero fields in the complete solution are those in common
with IIB supergravity, so the same solution also serves as the IIB-KK-
monopole. The absence of any power of the harmonic function multiplying
the 6-dimensional ‘worldvolume’ factor confirms that T-duality in these
directions just takes the IIA-KK-monopole into the IIB-KK-monopole. If,
on the other hand, we T-dualize in the y-direction then the H−1 factor is
inverted and we begin to see the emergence of a 5-brane metric. This is
confirmed by inspection of the T-duality map between the 5-form charges
in the Type II algebras.
We now have a more or less complete set of rules for T-duality of objects
carrying NS-NS charges. The results are essentially the same as those for
the heterotic string with the difference that each time we T-dualize we move
from the IIA(B) to the IIB(A) theory. The principal novelty of T-duality
in the Type II context is its effect on the D-branes carrying the RR charges
[43]. When the T-duality map (61) between RR charges is interpreted in
terms of branes we see, for example, that T-duality in a direction parallel
to a D-p-brane results in a D−(p−1)-brane in the dual theory. This can be
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understood as follows. In performing the T-duality we first compactify on a
circle of large radius R. Saying that this direction is parallel to the p-brane
amounts to saying that the p-brane is wrapped around this direction. As
we take R → 0 the p-brane becomes, effectively, a (p − 1)-brane. A priori,
we might expect to have to interpret this as a (p−1)-brane in a D=9 theory
but T-duality allows us to re-interpret it as a (p − 1)-brane in the T-dual
D=10 theory. Conversely, T-duality in a direction orthogonal to a RR p-
brane results in a RR (p+1)-brane in the T-dual theory. We could also have
considered T-duality in a direction that is neither parallel nor perpendicular
to a given brane, but we shall ignore this (inessential) complication here.
The T-duality map between RR p-branes in the IIA and IIB theories
is nicely reflected in the form of the 10-metric (48) of the corresponding
supergravity solutions. A T-duality transformation takes the radius of a
circle to the inverse radius. If one supposes that the circle in question is
parameterized by one of the cartesian space coordinates of either E(p,1) (i.e.
a direction parallel to the p-brane) or E9−p (i.e. a direction orthogonal to
the p-brane) then the inversion of the radius either takes one factor of H−
1
2
to H
1
2 or vice-versa, respectively. Thus the p-brane metric is taken either
to the (p − 1)-brane metric or to the (p + 1)-brane metric. We have still
to consider the other fields of the D-brane supergravity solutions but these
merely confirm the result suggested by the T-duality transformation of the
metric, which is the same result as we deduced above from the T-duality
map between the Type II supersymmetry algebras.
We are now in a position to see how some of the various branes of M-
theory and Type II string theories are related to each other by dualities.
Let us start from an M-wave in the ♮ direction. It is convenient to represent
this by the array
MW : − − − − − − − − − ♮
Reduction to D=10 in the ♮ direction yields the D-0-brane, which we rep-
resent by the array
D0 : − − − − − − − − −
T-duality in the 1-direction now yields the D-string oriented in the 1-
direction
D1 : 1 − − − − − − − −
Further T-duality in the 2-direction yields the D-2-brane
D2 : 1 2 − − − − − − −
This can be lifted to D=11 to the M-2-brane
M2 : 1 2 − − − − − − − −
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Instead, we may continue to T-dualize the D-2-brane until arriving at the
D-4-brane
D4 : 1 2 3 4 − − − − −
which we may then lift in the ♮ th direction to arrive at an M-5-brane in
the 1234♮ 5-plane
M5 : 1 2 3 4 − − − − − ♮
If we instead continue to T-dualize to the D-6-brane
D6 : 1 2 3 4 5 6 − − −
then we may lift in the ♮ th direction to an M-KK-monopole. We represent
this by the array
MKK : 1 2 3 4 5 6 − − − ×
where the cross indicates the compact KK-circle of the KK-monopole. In
carrying out these steps at the level of supergravity solutions we start from
the harmonic function K of the M-wave. At the first step this is converted
into the harmonic function H of the D-0-brane in the way indicated ear-
lier, and this harmonic function then appears in all the subsequent dual-
ized solutions. However, certain steps require H to be independent of the
coordinate in the T-duality direction. For example, in passing from the D-
0-brane to the D-2-brane H goes from a harmonic function on E9 to one
on E7. Re-interpreting this as a solution of D=11 supergravity then yields
the M-2-brane solution but with H harmonic on E7 instead of E8. On the
other hand, if we instead continue to T-dualize to the D-4-brane then H
is reduced to being harmonic on E5 but when the D-4-brane solution is
re-interpreted in D=11 we recover the general M-5-brane solution.
The D-6-brane is the magnetic dual of the D-0-brane. If we continue to
T-dualize we arrive at the IIB 7-brane and IIA 8-brane (the ‘high-branes’)
for which there are no obvious electric duals. The asymptotic behaviour
of the 7-brane and 8-brane supergravity solutions are also special. In the
7-brane case the function H is harmonic on E2, so point singularities are
conical singularities and the energy density per unit 7-volume is logarith-
mically divergent. This case will not be discussed in these lectures. In the
8-brane case H is harmonic on E1; allowing for point singularities means
that it is piecewise linear. The 8-brane configuration of IIA supergravity is
actually not a solution of the standard IIA field equations but rather of a
‘massive’ variant with a cosmological constant. The 8-brane is effectively
a IIA domain wall separating regions of different cosmological constant
[52, 53]. Formally, we may continue to T-dualize to arrive at the IIB D-9-
brane. The function H is now constant, so the D-9-brane solution is just
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flat D=10 Minkowski space. It might appear from this that, unlike all other
D-branes, the D-9-brane does not break 1/2 supersymmetry. But we still
have the constraint
Γ0123456789ǫ = ±ǫ (65)
which is equivalent to the chirality constraint Γ11ǫ = ±ǫ. It follows that
the D-9-brane must be interpreted as the Minkowski vacuum spacetime of
a D=10 string theory with N=1 supersymmetry. Since the D-9-brane is a
D-brane, strings may end on it. These strings can only be those of the Type
I string theory, because this is the only D=10 superstring theory with both
closed and open strings.
One potential problem with the attempt to interpret the Type I string
theory in this way is that the 8-brane carries a RR charge, for which the
lines of force must either terminate on an anti 8-brane or go off to infinity.
As long as the one transverse direction is non-compact the force lines may go
off to infinity but to T-dualize in this last direction we must first compactify
it. Since the lines of force cannot now wander off to infinity the total 8-
brane charge must vanish. If D-branes were the only objects to carry RR
charge then the net number of 8-branes minus anti 8-branes would have
to vanish. Such a configuration would relax to one with neither 8-branes
nor anti 8-branes because the anti 8-branes would attract the 8-branes
and annihilate them. In this case the initial IIA configuration preserving
supersymmetry would be a IIA KK-vacuum, for which the T-dual is a
IIB KK vacuum, rather than a D-9-brane. Thus, to arrive at the Type I
string theory by T-duality of the IIA theory 8-brane requires an additional
ingredient. This ingredient, the orientifold 8-plane, is best understood from
the other direction, i.e. by T-duality of the Type I string [51].
The existence of the Type 1 string is suggested by the IIB supersym-
metry algebra since there are two ways to truncate the latter to an N=1
supersymmetry algebra, corresponding to the following two involutions of
the IIB algebra:
Q+ → σ3Q+
Z˜ → −Z˜
W → −W
V˜ + → −V˜ + (66)
and
Q+ → σ1Q+
Z˜ → −Z
W → −W
V˜ + → −V + . (67)
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We can obtain an N=1 supersymmetry algebra by ‘modding out’ by either
of these involutions. In the first case we set Q˜+ = 0 to recover the heterotic
string algebra of (55). In the second case, we must set Q+ = Q˜+. We then
find an algebra isomorphic to (55) but with the NS 1-form Z replaced by
the RR 1-form Z˜ and the NS self-dual 5-form Y + replaced by the RR self-
dual 5-form V˜ +. The fact that there is now no NS string charge means that
what was originally the fundamental type IIB string has become a string
without the 2-form charge needed to prevent it from breaking. This fits
the description of the Type 1 string. To confirm it we must examine the
consequences of the Z2 identification on the IIB string worldsheet fields.
If the IIB supercharges are expressed as Noether charges in terms of
worldsheet fields of the IIB superstring, then the Z2 transformation (67)
is effected by a worldsheet parity transformation σ → −σ. This is a sym-
metry of the IIB superstring action provided all worldsheet scalars Xµ
are indeed scalars, rather than pseudo-scalars. Thus, the identification un-
der worldsheet parity leads to the Type 1 supersymmetry algebra and the
worldsheet scalar fields are now subject to Xµ(σ) = Xµ(−σ). If we now
T-dualize in, say, the 9-direction then X9 becomes a pseudoscalar and the
identification under worldsheet parity leads to X9(−σ) = −X9(σ). In par-
ticular X9(0) = −X9(0) so the KK circle in the 9-direction is actually the
interval S1/Z2. The 8-planes X
9(0) = 0 are effectively boundaries of the
9-dimensional space of the D=10 string theory T-dual to the Type 1 string
theory8. These are the orientifold 8-planes. Open strings, which previously
had endpoints in spacetime with SO(32) Chan-Paton factors, now end on
any of 16 8-branes. The RR charge of these 8-branes is cancelled by the RR
charge of the orientifold planes. Much more could be said about the Type 1
string theory but we have now learnt what we can from the supersymmetry
algebra.
We have one more duality transformation to consider before we can
relate all M-theory or Type II branes to each other. This is IIB S-duality
[54, 45]. We first note that the IIB algebra is invariant under the cyclic
group generated by the transformation
Q→ e ipi4 σ2Q (68)
on the two supercharges, combined with the transformation
(Z,X) → (X,−Z) (V, V˜ )→ (V˜ ,−V ) (69)
on the bosonic charges. This group is a subgroup of an Sl(2, R) symmetry
group of IIB supergravity. We see from its action on the IIB charges that it
8This has been called the Type I’ theory but a possibly better terminology is Type
IA, in which case the Type I string could be renamed Type 1B.
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interchanges the IIB string with the D-string and the IIB solitonic 5-brane
with the D-5-brane. The IIB 3-brane is invariant. The group is actually of
order 4 because it squares to −1 ∈ Sl(2, R) but this is equivalent to the
identity element of PSl(2, R), which is the isometry group of the target
space of the scalar fields of IIB supergravity. Thus, there is a Z2 action on
the moduli space of the IIB theory exchanging NS-branes with RR-branes.
This is clearly non-perturbative within the context of Type IIB superstring
theory, but is believed to be a Z2 subgroup of a PSl(2, Z) S-duality group
of the fully non-perturbative IIB theory9. Here we shall need only the Z2
subgroup which we shall also call S-duality.
The effects of S-duality on IIB supergravity solutions are most easily
seen in the Einstein-frame because the Einstein-frame metric (defined by
the absence of a power of the dilaton multiplying the
√−gR term in the ac-
tion) is Sl(2;R) invariant. The relation between the Einstein-frame metric
ds2E and the string frame metric is
ds2 = e
1
2
φds2E . (70)
An S-duality transformation is then achieved by changing the sign of the
dilaton while simultaneously exchanging the two 3-form field strengths in
the way indicated by the exchange (69) of the 1-form charges. Thus, the
effect of S-duality on the string-frame metric and dilaton is
ds2 → e−φds2 , φ→ −φ . (71)
Let us consider the effect of an S-duality transformation on the IIB string
solution, which is the same as the IIA string solution of (46). In particular,
the metric and dilaton are given by
ds210 = H
−1ds2(E(1,1)) + ds2(E8)
e−φ = H
1
2 . (72)
The transformation (71) then yields
ds210 = H
−
1
2ds2(E(1,1)) +H
1
2ds2(E8)
e−φ = H−
1
2 (73)
which is precisely the metric and dilaton of the D-string. We thus confirm
the previous conclusion that IIB S-duality takes the IIB string to the D-
string. One can similarly confirm that IIB S-duality takes the IIB NS-5-
brane to the D-5-brane.
9It is possible that there exists a new superstring theory containing both the IIB string
and the D-string in which the PSl(2, Z) symmetry is visible in perturbation theory [55].
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By means of the three dualities, ‘M’, ‘T’ and ‘S’, we can go, in the way
described above, from any of the 1/2-supersymmetric ‘objects’ of M-theory
or Type II superstring theories to any other one. M-theory is therefore a
theory of a single object with various dual manifestations, no one of which
is sufficient by itself. The Type 1 and heterotic string theories might at first
appear to stand apart, but the objects within these theories preserving 1/2
of the supersymmetry of the D=10 N=1 Minkowski vacuum can be viewed
as special cases of 1/4 supersymmetric ‘intersecting brane’ configurations
of M-theory or Type II superstring theory. For example, the D-5-brane of
Type I superstring theory can be viewed as a IIB D-5-brane inside a IIB
9-brane. As another example, the heterotic string can be viewed as the
boundary of an M-2-brane on an M-boundary. Neither of these cases is,
strictly speaking, an example of ‘intersecting’ branes but it is convenient to
consider them under this rubric because they are dual (at least formally)
to cases to which the term has its obvious meaning. We shall now consider
some of these cases in more detail.
4. Lecture 4: Intersecting M-branes
Each of the ‘basic’, 1/2 supersymmetric, objects of M-theory or Type II
superstring theory, with a given orientation, is associated with a constraint
of the form Γǫ = ǫ for some traceless product Γ of Dirac matrices with
the property that Γ2 = 1. Given two such objects we have two matrices
with these properties. Let us call them Γ and Γ′. Let ζ and ζ ′ be the
charge/tension ratios of the objects associated, respectively, with Γ and Γ′.
Then the {Q,Q} anticommutator takes the form
{Q,Q} = P 0[1 + ζΓ + ζ ′Γ′] . (74)
Positivity imposes a bound on ζ and ζ ′, but the form of this bound depends
on whether the two matrices Γ and Γ′ commute or anticommute.
If {Γ,Γ′} = 0 then
(ζΓ + ζ ′Γ′)2 = ζ2 + ζ ′2 , (75)
so the bound is ζ2 + ζ ′2 ≤ 1, which is equivalent to a bound of the type
T ≥
√
Z2 + Z ′2 (76)
where Z and Z ′ are the charges of the two branes. Since the right hand
side is strictly greater than |Z| + |Z ′|, unless either Z or Z ′ vanishes, a
configuration saturating this bound must be a ‘bound state’ with strictly
positive binding energy. It is associated with a constraint of the form Γ′′ǫ =
ǫ where
Γ′′ = cos ϑΓ + sinϑΓ′ (77)
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for some angle ϑ. Since Γ′′ is traceless and squares to the identity, the
‘bound state’ is another configuration preserving 1/2 supersymmetry. A
trivial example is provided by the matrices Γ = Γ01 and Γ
′ = Γ02 associated
with M-waves in the 1-direction and 2-direction, respectively. In this case
Γ′′ is clearly associated with a wave in some intermediate direction. To call
this a ‘bound state’ is clearly an abuse of terminology (hence the quotes)
but the term can be understood in its usual sense in less trivial cases. An
example is provided by
Γ = Γ012 , Γ
′ = Γ012345 . (78)
In this case, the matrix Γ′′ can be associated with a bound state of an
M-5-brane with an M-2-brane. From the perspective of the M-5-brane’s
effective worldvolume field theory, the M-2-brane charge is the magnitude
of the topological 2-form charge
ZMN =
∫
dXM ∧ dXN ∧H (79)
where H = dU is the 3-form field strength and the integral is over the
M-5-brane’s ‘worldspace’.
Given that there is an M-5-brane/M-2-brane bound state, the fact that
its binding energy is strictly positive suggests that there is an attractive
force between a M-2-brane and an M-5-brane when one is parallel to the
other and separated by some distance. The M-2-brane would then be at-
tracted to the core of the M-5-brane, thereby lowering the energy until the
energy bound is saturated. In this case, one would not expect to find the
relative separation of the branes entering as a free parameter in the super-
gravity solution representing the long-range fields of the M-5-brane/M-2-
brane bound state. On the other hand, the 1/2 supersymmetry leads one to
expect that it should be possible to superpose parallel M-5-branes carrying
the same M-2-brane charge. These considerations, together with the fact
that the solution must reduce to that of the M-5-brane for zero M-2-brane
charge, suggest that the supergravity solution will again depend on a sin-
gle harmonic function. There is indeed a D=11 supergravity solution with
these properties. The 11-metric of this solution is [56]
ds211 = H
1/3( sin2 ϑ+H cos2 ϑ)1/3
[
H−1ds2(E(1,2)) +
+( sin2 ϑ+H cos2 ϑ)−1ds2(E3) + ds2(E5)
]
(80)
where H (not to be confused with the worldvolume 3-form field strength of
the M-5-brane) is a harmonic function on E5. As expected, it depends on
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the angle ϑ which is arbitrary, classically, but is restricted in the quantum
theory because of the DNT quantization condition satisfied by the M-2-
brane and M-5-brane charges. This metric interpolates between that of the
M-2-brane and that of the M-5-brane; the same is true of the complete
solution.
Given a 1/2-supersymmetric M-2-brane/M-5-brane bound state various
others follow by duality. Compactifying to D=10 on one of the M-2-brane
directions we arrive at the IIA configuration represented by the array
D4 : 1 2 3 4 − − − − −
F1 : 1 − − − − − − − −
where ‘F1’ stands for ‘Fundamental string’. T-dualizing in the 4-direction
we obtain a similar 1/2 supersymmetric bound state of a ‘Fundamental’ IIB
string with a D-3-brane. This can be converted by S-duality into a bound
state of a D-string with a D-3-brane because the latter is S-self-dual. We
now have the IIB array
D3 : 1 2 3 − − − − − −
D1 : 1 − − − − − − − −
T-duality in the 2 and 3 directions converts this into a bound state of a
D-string with a fundamental string, as required by the Sl(2;Z) duality of
IIB superstring theory [57, 48].
Let us now turn to the case in which Γ and Γ′ commute. In this case they
may be simultaneously diagonalized with eigenvalues ±1. It immediately
follows that positivity implies the bound |ζ|+ |ζ ′| ≤ 1, which is equivalent
to a bound of the form
T ≥ |Z|+ |Z ′| . (81)
When this bound is saturated we can rewrite (74) as
{Q,Q} = 2P 0[ζP + ζ ′P ′] . (82)
where P = (1/2)(1−Γ) and P ′ = (1/2)(1−Γ′). Since the projectors P and
P ′ commute, a zero eigenvalue eigenspinor of {Q,Q} must be annihilated
by both of them, i.e. it must satisfy the joint conditions
Γǫ = ǫ Γ′ǫ = ǫ . (83)
Provided that the product ΓΓ′ is traceless (a condition that is always met),
the commuting matrices Γ and Γ′ can be brought to the diagonal form
Γ = diag.(
16︷ ︸︸ ︷
1, · · · , 1,
16︷ ︸︸ ︷
−1, · · · ,−1),
Γ′ = diag.(
8︷ ︸︸ ︷
1, · · · , 1,
8︷ ︸︸ ︷
−1, · · · ,−1,
8︷ ︸︸ ︷
1, · · · , 1,
8︷ ︸︸ ︷
−1, · · · ,−1), (84)
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from which it is evident that the constraints (83) preserve 1/4 supersym-
metry.
An example of a 1/4 supersymmetric configuration is provided by the
orthogonal intersection, on a point, of two M-2-branes, such that Γ = Γ012
and Γ′ = Γ034 [58]. This can be represented by the array
M2 : 1 2 − − − − − − − −
M2 : − − 3 4 − − − − − −
Most other 1/4 supersymmetric configurations of orthogonally intersecting
branes may be obtained from this one by various ‘duality chains’. For exam-
ple, compactifying on the ♮ th direction we obtain a similar configuration
of two intersecting D-2-branes. Then, T-dualizing in the 5 and 6 directions
we arrive a configuration of intersecting D-4-branes
D4 : 1 2 − − 5 6 − − −
D4 : − − 3 4 5 6 − − −
which may lifted to D=11 to yield a configuration of two M-5-branes inter-
secting on a 3-brane [58]
M5 : 1 2 − − 5 6 − − − ♮
M5 : − − 3 4 5 6 − − − ♮
In an alternative notation, the initial configuration of intersecting M-2-
branes is denoted by (0|M2,M2) and the final configuration of intersecting
M-5-branes by (3|M5,M5). The duality chain from one to the other is then
indicated as follows
(0|M2,M2) M→ (0|D2,D2) T 2→ (2|D4,D4) M→ (3|M5,M5) . (85)
From the same starting point we can compactify instead on the 2-
direction to obtain a IIA string intersecting a D-2-brane. Relabelling the
directions, we have
F1 : 1 − − − − − − − −
D2 : − 2 3 − − − − − −
T-dualizing in the 4 and 5 directions we obtain an intersection of a IIA
string with a D-4-brane, which is a reduction to D=10 of
M2 : 1 − − − − − − − − ♮
D2 : − 2 3 4 5 − − − − ♮
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i.e. the intersection on a string of an M-2-brane with an M-5-brane. This
sequence of steps can be denoted by the following duality chain
(0|M2,M2) M→ (1|F1,D2) T 2→ (1|F1,D4) M→ (1|M2,M5) . (86)
The intersection of the M-2-brane with the M-5-brane can be interpreted as
a coincidence of two membrane boundaries, one of an ‘incoming’ M-2-brane
and the other of an ‘outgoing’ M-2-brane. This interpretation is possible
because, as mentioned previously, the M-2-brane can end on an M-5-brane.
Given this, it then follows that the array representing the intersection of
the IIA string with the D-2-brane, for example, can be reinterpreted as
the coincidence of two endpoints of IIA strings. More generally, all ‘brane-
boundary’ possibilities, including Type II strings ending on D-branes, follow
by duality from the possibility of an M-2-brane ending on an M-5-brane,
so we may consider this to be the key case to understand. It does not
follow from the D=11 superalgebra alone, but it will be deduced below
from considerations related to the worldvolume supersymmetry algebra of
the M-5-brane.
For terminological convenience we shall regard brane boundaries as spe-
cial cases of intersections. It should also be stated that ‘intersections’ in-
clude cases in which there is merely an ‘overlap’. This point may be il-
lustrated by the case of two ‘intersecting’ M-2-branes. There is a genuine
intersection only if the positions of the two M-2-branes in the ‘overall’
transverse 6-space coincide; otherwise they might be said to be ‘overlap-
ping’. However, the fact that the configuration saturates an energy bound
of the form (81) implies the absence of a force between the two M-2-branes
and hence that the distance L of separation between them in the overall
transverse 6-space is a free parameter. In particular, we may choose L = 0,
so a genuine intersection is included as a special case. This is equally true
for any of the 1/4 supersymmetric configurations represented by the above
arrays.
A further implication of the ‘no force’ condition is that one can obtain a
supergravity solution representing a 1/4 supersymmetric intersecting brane
configuration by a type of superposition, which is summarized by the ‘har-
monic function rule’ [59, 60]. The above M-brane intersections will serve to
illustrate the rule. We shall only consider its application to the 11-metric.
In the (0|M2,M2) case this is
ds211 = (H1H2)
1/3
[
(H1H2)
−1dt2+H−11 |dz1|2+H−12 |dz2|2+ ds2(E6)
]
(87)
where z1 and z2 are complex coordinates parametrizing the two orthogo-
nal 2-planes occupied by the two membranes. This 11-metric is essentially
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determined by the requirement that if either (H1− 1) or (H2− 1) vanishes
we recover the 11-metric of a single M-2-brane. The other fields are deter-
mined by the same requirement. The fact that the solution depends on two
harmonic functions is directly related to the no-force condition implied by
1/4 supersymmetry. The only subtlety lies in the fact that to solve the field
equations of D=11 supergravity we must restrict the variables on which
the harmonic functions H1 and H2 depend; for the moment we postpone
discussion of this point.
A feature of the 11-metric (87) (shared by the 11-metric (80) represent-
ing a 1/2 supersymmetric non-marginal bound state) is that, apart from
an overall conformal factor, there is a factor of H−1i for each term in the
metric corresponding to a direction ‘occupied’ by the i’th brane. Applying
these principles to the (3|M5,M5) case we find that
ds211 = (H1H2)
2/3
[
(H1H2)
−1ds2(E(1,3)) +H−11 |dz1|2
+H−12 |dz2|2 + ds2(E3)
]
(88)
where the complex variables z1 and z2 now parametrize the two ‘relative
transverse’ spaces, i.e. the 2-space in each M-5-brane transverse to the 3-
brane intersection. A similar application to the (1|M2,M5) case yields
ds211 = H
1/3
1 H
2/3
2
[
(H1H2)
−1ds2(E(1,1)) +H−11 dx
2
+H−12 |dq|2 + ds2(E4)
]
(89)
where x is a (real) coordinate parametrizing the relative transverse space
of the membrane and q is a quaternonic coordinate parametrizing the rela-
tive transverse space of the M-5-brane. In all of these cases, the harmonic
functions must be taken to be independent of all but the overall transverse
coordinates. In other words, the D=11 supergravity solutions of this form
are necessarily translational invariant in all directions tangent to a par-
ticipating brane. This is an appropriate restriction if we wish to consider
toroidal compactification in which each p-brane is wrapped on a p-cycle,
since we may then essentially read off the solution for an extreme black
hole of the compactified supergravity theory. Otherwise the restriction is
not appropriate but it seems to be the best that can be achieved by super-
position; it is not excluded that there exists a more general class of solution
but if so it will not be found by the harmonic function rule10.
10We refer to [61] for a review of recent progress in this direction.
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Given two commuting matrices Γ and Γ′ associated with a 1/4 super-
symmetric configuration of two intersecting branes the product ΓΓ′ is also
traceless and squares to the identity. It also commutes with both Γ and Γ′.
Thus it is always possible to add an additional brane ‘for free’ in the sense
that the configuration still preserves 1/4 supersymmetry. The 1/4 super-
symmetric configuration of two orthogonally intersecting M2-branes will
illustrate the point. Since both Γ012ǫ = ǫ and Γ034ǫ = ǫ it is automatic that
Γ1234ǫ = −ǫ. In this case the ‘third brane’ is actually an M-KK-monopole,
or rather an anti M-KK-monopole; note that if we wish to maintain 1/4
supersymmetry then we are not free to choose the orientation of the ‘third
brane’. The 1/4 supersymmetric configuration of two M-2-branes and an
M-KK-monopole may be represented by the array
M2 : 1 2 − − − − − − − −
M2 : − − 3 4 − − − − − −
MKK : × − − − 5 6 7 8 9 ♮
where × indicates the KK circle. Reducing to D=10 in this direction and
relabelling the result yields
F1 : 1 − − − − − − − −
D2 : − 2 3 − − − − − −
D6 : − − − 4 5 6 7 8 9
T-dualizing in the 4 and 5 directions now yields
F1 : 1 − − − − − − − −
D4 : − 2 3 4 5 − − − −
D4 : − − − − − 6 7 8 9
which may be lifted to D=11 as
M2 : 1 − − − − − − − − ♮
M5 : − 2 3 4 5 − − − − ♮
M5 : − − − − − 6 7 8 9 ♮
The M-2-brane now intersects each of two M-5-branes on a string. Alter-
natively, we may view the configuration as one in which a membrane is
‘stretched’ between two M-5-branes, in such a way that it has a string
boundary on each. If we remove the membrane we obtain a new 1/4 super-
symmetric configuration, (1|M5,M5), in which two M-5-branes ‘intersect’
on a string although, as before, there is a genuine intersection only when the
separation in the 1 direction vanishes. The harmonic function rule applied
to the (1|M5,M5) configuration yields
ds211 = (H1H2)
2/3
[
(H1H2)
−1ds2(E(1,1)) +H−11 |dq1|2 +H−12 |dq2|2 + dx2
]
(90)
M-THEORY FROM ITS SUPERALGEBRA 35
where q1 and q2 are quaternionic coordinates parametrizing the two relative
transverse spaces to the string intersection in the M-5-branes, and x is the
coordinate in which the two M-5-branes are, in principle, separated. In fact,
for this to be a solution of D=11 supergravity both harmonic functions must
be taken to be independent of the overall transverse dimension x; instead,
H1 is harmonic in q2 and H2 is harmonic in q1 [60]. Again, there may be
a more general solution in which the M-5-branes are localized in the x
direction but, if so, it is not given by the harmonic function rule.
When the branes of a 1/4 supersymmetric ‘intersecting brane’ configu-
ration actually intersect, the intersection should appear in the worldvolume
field theory of each as a 1/2 supersymmetric worldvolume ‘soliton’ of some
kind. This is one way of understanding how 1/4 supersymmetric intersecting
brane configurations arise11. A simple example of this point of view is pro-
vided by consideration of the ‘intersecting brane’ configuration (0|D0,D4)
obtained from (0|M2,M2) by the duality chain
(0|M2,M2) M→ (0|D2,D2) T 2→(0|D0,D4) . (91)
The worldvolume field theory for a single D-4-brane is a (4+1)-dimensional
maximally supersymmetric Dirac-Born-Infeld theory. In the IIA Minkowski
vacuum, and assuming a Minkowski worldvolume (i.e. choosing the ‘static’
gauge and setting to zero all worldvolume scalars describing transverse
fluctuations), the bosonic Lagrangian reduces to the pure Born-Infeld form
L = −
√
− det (η + F ) (92)
where η is the D=5 Minkowski metric and F is the BI 2-form. We now set
the electric components of F to zero, in which case we can interpret L as
minus the energy density E . The 5 × 5 determinant also reduces to minus
the 4× 4 determinant of the matrix (1 + F ), where F is now the magnetic
2-form component of the BI field strength. Thus (a, b = 1, 2, 3, 4)
E2 = det(δab + Fab)
= (1± 1
4
tr FF˜)2 − 1
4
tr(F± F˜)2 (93)
where F˜ is the worldspace Hodge dual of F . The trace is over the worldspace
indices, i.e. trF2 = FabF
ba ≤ 0, but the notation can be extended to include
a trace over su(n) indices, as appropriate to the U(n) gauge theory on n
coincident D-4-branes. In either case, we deduce that [62]
E ≥ 1± 1
4
trFF˜ (94)
11At this point, the content of these lectures diverges from the content of those given
in Carge`se.
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with equality when F = F˜ . The total energy E, relative to the worldvolume
vacuum, is just the integral of E − 1 over the worldspace. Thus we derive
the bound
E ≥ |Z| (95)
where Z is the topological charge
Z =
1
4
tr
∫
FF˜ . (96)
The bound is saturated by solutions of F = F˜ . These are just multi-
instantons in the non-abelian case, which is appropriate to coincident D-4-
branes. In the abelian case any solution must have a singular U(1) gauge
potential, although the energy will remain finite for finite charge. Since not
much is known about abelian BI instantons, let us concentrate on the non-
abelian case. The soliton energy is independent of the instanton size, which
is therefore a modulus of the solution. There is nothing to prevent us from
shrinking the instanton to zero size. In fact, if we were to allow a slow time
variation of the instanton parameters then the instanton could shrink to
zero size in finite time. This is a reflection of the fact that the natural metric
on instanton moduli space is geodesically incomplete, indicating that new
physics is needed to determine what happens when an instanton shrinks to
zero size. The new physics is provided by the interpretation of the (4+1)-
dimensional Minkowski vacuum as the worldvolume of a D-4-brane: when
the instanton shrinks to zero size it simply leaves the worldvolume as a
D-0-brane [63].
The existence of a 1/2 supersymmetric soliton in the worldvolume field
theory of the D-4-brane, or multi D-4-brane, is suggested by the presence
of a central charge in its five-dimensional worldvolume supersymmetry al-
gebra. This charge has a natural interpretation as the momentum in an
additional space direction. In fact, the algebra is the reduction of the D=6
(2,0) supersymmetry algebra, and the (scalar) central charge arising in
this reduction is precisely the 6-component of the 6-momentum. This is as
expected because the D-4-brane has an M-theory interpretation as an S1-
wrapped M-5-brane, for which the (gauge-fixed) worldvolume field theory
has D=6 (2,0) supersymmetry. Thus, M-theory predicts the existence of
a tower of KK quantum states in the D-4-brane worldvolume field theory
[64, 65] with one such state for each integer value of the soliton charge,
alias instanton number. This amounts to a prediction of a marginal bound
state in the system of n D-0-branes and a D-4-brane for each n. Any such
bound state must indeed be marginal, and there is good evidence that the
prediction is correct [64].
We have just invoked the presence of a central charge in the worldvol-
ume supersymmetry algebra of the D-4-brane to explain the presence of a
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marginal 1/2 supersymmetric bound state with a D-0-brane, for which the
long range supergravity fields are those of a 1/4 supersymmetric (0|D0,D4)
‘intersecting brane’ configuration. However, as by now should be clear, there
is no reason to concentrate exclusively on scalar charges; we should con-
sider all charges. Since the D-4-brane is a wrapped M-5-brane it is more
economical to consider the p-form charges in the M-5-brane’s worldvolume
supersymmetry algebra. Allowing for all possible p-form charges, we have
[66]
{QIα, QJb } = ΩIJP[αβ] + Y [IJ ][αβ] + Z
(IJ)
(αβ) (97)
where α, β = 1, . . . , 4 is a spinor index of the Lorentz group SU∗(4) ∼=
Spin(5, 1) and I = 1, . . . , 4 is an index of the internal ‘R-symmetry’ group
Sp(2), with ΩIJ being its invariant antisymmetric tensor. The spinor super-
charge therefore has 16 complex components but is subject to a ‘symplectic
Majorana’ condition that reduces the number of independent components
by a factor of 2. The Y -charge is a worldvolume 1-form and the Z-charge
a worldvolume self-dual 3-form. For simplicity, we shall consider here only
the space components of these charges, which would be carried by world-
volume p-branes for p = 1 and p = 3, respectively. The existence of these
worldvolume branes could be anticipated from the fact that there exist 1/4
supersymmetric intersecting brane configurations of M-theory in which an
M-5-brane intersects another M-brane on a string (the (1|M2,M5) config-
uration) or a 3-brane (the (3|M5,M5) configuration).
It might appear that there are more p-brane charges than are required
because the Sp(2) representations of these charges are
Y (p = 1) : 5 Z(p = 3) : 10 . (98)
However, Sp(2) is isomorphic to Spin(5), which we may interpret as the
rotation group in the 5-space transverse to the M–brane worldvolume in
the D=11 spacetime. In this case, the Sp(2) representations simply provide
the information needed for the spacetime interpretation of the worldvol-
ume branes as intersections with other branes. Specifically, the 5 and 10
representations can be interpreted as, respectively, a 1-form and a 2-form
in the transverse 5-space. A p-form charge that is a transverse q-form is
naturally interpreted as the charge of a (p+q)-brane in spacetime with a
p-brane intersection with (in this case) the M-5-brane. We thereby recover
the from the worldvolume supersymmetry algebra the spacetime interpre-
tation of the 1-brane and 3-brane on the M-5-brane that we earlier deduced
by consideration of the spacetime supersymmetry algebra [67].
Just as the scalar charge Z in the D-4-brane’s worldvolume superalgebra
was expressible as the topological charge integral (96), so the worldvolume
charges Y and Z in the M-5-brane’s worldvolume superalgebra must be
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expressible as integrals of worldvolume fields over the transverse subspace
of worldspace. Let us concentrate on the string charge. Its magnitude must
be expressible as an integral over the 4-dimensional subspace of worldspace
transverse to the string; let us call this w4. Since Y is a 5-vector in the
transverse subspace of spacetime, it must depend on one of the five world-
volume scalar fields X describing fluctuations of the M-5-brane in these
directions; the choice of scalar corresponds to a choice of direction of the
5-vector. These considerations imply that Y must take the form [62]
Y =
∫
w4
H ∧ dX (99)
whereH is the closed 3-form field strength of the 2-form worldvolume gauge
potential and X is the scalar.
If we set to zero all other physical scalars then, in the static gauge, a
static configuration is one for which
XM = (t, σa,X(σ), 0, . . . , 0) (100)
where (t, σa) are the worldvolume coordinates. The conjugate momentum
is
PM = (−E , Va, 0, 0, . . . , 0) (101)
where E is the energy density, Va is the worldspace vector density intro-
duced in (28), and we have used the fact that the diffeomorphism constraint
reduces in static gauge, and for static configurations, to Pa = Va. Under
these conditions the hamiltonian constraint of (28) implies that
E2 = 1 + (∂X)2 + 1
2
|H˜|2 + |H˜ · ∂X|2 + |V |2 (102)
where the vertical bars indicate contraction with the kronecker delta. Here
we are following [62], in which it is pointed out that this expression for the
energy density of static worldvolume field configurations can be rewritten
as
E2 = |ζa ± H˜ab∂bX|2 + 2
∣∣∣∣∂[aXζb] ∓ 12δacδbdH˜cd
∣∣∣∣
2
+
1
2
(ζa∂aX)
2 (103)
where ζ is a constant unit 5-vector. One can deduce from this (e.g. by
making a particular choice for ζ) that
E − 1 ≥ ±iζ(⋆HdX) (104)
where ⋆ is the Hodge dual on worldspace and iζ indicates contraction with
the (constant) vector field ζ. The inequality is saturated when
H = ±iζ(⋆dX) LζX = 0 (105)
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where Lζ is the Lie derivative with respect to ζ. Note that these conditions
imply that LζH = 0 (and hence that Va = 0). Since the field configura-
tion saturating the bound is translational invariant in the ζ direction we
should integrate the energy density over the subspace w4 orthogonal to this
direction and interpret the result as a string tension T . The result is that
T ≥ |Y | (106)
where Y is the topological charge of (99), and the bound is saturated when
H = ± ∗ dX (107)
where it is now understood that all fields are defined on w4 and ∗ is the
Hodge dual in this space.
Since dH = 0, we learn from (107) that X is harmonic on w4. Isolated
singularities of this harmonic function represent infinite straight string de-
fects in the M-5-brane [68]. We may assume that X vanishes at spatial
infinity, so that if the only singularity is at the origin then X = X(r) where
X(r) =
1
r2
. (108)
As we approach the singularity at r = 0, the position of the M-5-brane in
the transverse 5-space extends further and further along the X-axis, thereby
by creating an infinite ‘spike’ in this direction12. The ‘spike’ is actually a
‘ridge’ due to the translational invariance in the ζ-direction. To determine
the nature of this ridge we note that the topological charge Y may be
rewritten as the small radius limit of a surface integral over a 3-sphere
centred on the origin. Since X is constant over this integration surface we
then have
Y = [ lim
δ→0
X(δ)]
∫
S3
H . (109)
The integral of H is what one might naively have taken to be the string
charge. We see that the charge is instead the product of the naive charge
with an infinite factor, since X(δ) diverges as δ → 0. However, this di-
vergence is exactly what we would expect if the string is the boundary of
a membrane of constant surface tension T2 =
∫
S3 H. Thus, the ‘ridge’ of
the solution is actually a membrane with its boundary on the M-5-brane.
Remarkably, the worldvolume string soliton of the M-5-brane provides its
own spacetime interpretation as the boundary of an M-2-brane.
12This feature of 1/2 supersymmetric worldvolume solitons was first noted in the con-
text of D-branes [69, 70] and extended to the string soliton in the M-5-brane in [68]. The
presentation here follows [62].
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5. Epilogue
We have seen that an enormous amount of information about M-theory
and its duality relations to superstring theories is encoded in the M-theory
and Type II supersymmetry algebras. We have also begun to see how 1/4-
supersymmetric intersections of the ‘basic’, 1/2-supersymmetric, branes
are encoded in their worldvolume supersymmetry algebras. The next step
would be to consider supersymmetry fractions less than 1/4; for example
1/8, which corresponds to N=1 in D=4. This and other fractions are real-
ized by certain non-orthogonal intersections and some triple intersections.
Having classified possible fractions of supersymmetry associated with in-
tersecting brane configurations our next step would be to determine the
supersymmetric field theories on the intersections. It seems possible that
all supersymmetric field theories may be obtainable this way. However,
there is much less that can be said about these further developments from
the algebraic viewpoint advocated here, at least for the present, so this is
a good place to end these lectures.
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